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Intermolecular distance dependence on ferromagnetic interactions in organic-radical assemblies was deduced by
using molecular orbital methods. It was shown that non-bonding molecular orbitals (NBMOs) were subject to orbital
mixing to form localized NBMOs. The high-spin stabilities had maxima when magnitude of intra- and intermolecular
resonance integrals was nearly equal. From amplitude pattern analysis of NBMOs, the origin of the maxima was
attributed to itinerant character of the non-bonding electrons in the proper intermolecular distance regions. Our analysis
was supported by theoretical calculations.

Ferromagnetic interactions in three-dimensionally stacked
organic-radical assemblies have been interpreted in view of
spin-polarization concepts, which have been pointed out by
McConnell.2 The McConnell model is based on the Heisenberg
Hamiltonian:2

HAB ¼ �SA¢SB
X
i;j

JAB
ij ·A

i ·
B
j ðJAB

ij < 0Þ ð1Þ

where SA and SB are spin operators of molecule A and B,
respectively, and JAB

ij is the exchange integral. We note that
JAB
ij is negative, analogous to conventional valence bond

theory.3 ·A
i and ·B

j are spin densities at the i-th site in molecule
A and the j-th site in molecule B, respectively. That is, spatially
stacked spin-polarized ³ systems are predicted to be ferromag-
netic when spin density products become as negative as
possible. Then, the expectation value of the Hamiltonian in
eq 1 is minimized, and thus, spin polarization is induced at each
adjacent carbon atomic site in organic-radical assemblies. In
McConnell’s model, each spin is localized at one atom, because
the formulation is based on valence bond theory. Therefore, in
this model, the magnetic orderings are determined by whether
or not ferrimagnetism-like spin-polarization structure can be
drawn. Indeed, many organic ferromagnets have been suggest-
ed by applying the spin-polarization rule.4Í6

1 in Figure 1 is the simplest example of a high-spin organic-
radical assembly, that is, allyl-radical dimer. This supermole-
cule has been theoretically predicted to be a ground-state
triplet.4 The carbon atom sites are divided into two groups, that
is, starred atoms and unstarred atoms, which are not adjacent to
each other similar to non-Kekulé molecules.1 One can draw a
spin-polarization structure with high-spin ground state, as
shown in Figure 1. Up and down spins are induced on starred
and unstarred atoms, respectively. 2 in Figure 2 is pseudo-
para-benzyl dimer, of which derivative pseudo-p-bis(phenyl-
methylenyl)[2.2]paracyclophane (3 in Figure 2) was experi-
mentally characterized as a ground-state quintet.7Í9 The spin-
polarization structure of 2 is also drawn in Figure 2. Similarly,
4 in Figure 3 is pseudo-ortho-benzyl dimer, of which deriv-

ative pseudo-o-bis(phenylmethylenyl)[2.2]paracyclophane (5
in Figure 3) was also experimentally characterized as a
ground-state quintet.7Í9 The spin-polarization structure of 4 is
also drawn in Figure 3. Thus, the spin-polarization mechanism
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Figure 1. Molecular structure and spin polarization of an
allyl-radical assembly 1. The conformational parameters
are also shown.
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Figure 2. Molecular structures of pseudo-para-benzyl
dimer 2 and pseudo-p-bis(phenylmethylenyl)[2.2]para-
cyclophane (3).
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has been regarded as the essential origin of high-spin stabilities
in organic-radical assemblies. Theoretical aspects of the spin-
polarization rule in diphenylcarbenes including 3 and 5 have
been rationalized to UHF (unrestricted HartreeÍFock) wave
functions, in which spin densities with plus and minus signs are
well calculated.4Í6,10 The mechanism has been complemented
by molecular orbital methods in view of non-overlapping
interactions of the degenerate SOMOs (single occupied mo-
lecular orbitals) and Hund’s rule.11,12

Recently however, we find that organic-radical assemblies
can be regarded as extended non-Kekulé systems in that their
magnetic properties are determined by topology of the carbon
atom linkage. That is, three-dimensionally stacked organic-
radical assemblies have degenerate non-bonding molecular
orbitals (NBMOs), and thus, high-spin stabilities result from
the exchange integral between the NBMOs.1 In the case of
periodic systems, we can construct non-bonding crystal orbitals
(NBCOs) instead of NBMOs. Then, NBMOs or NBCOs should
be localized as much as possible to form unitary- or Wannier-
transformed orbitals, which minimize the exchange integral.1

These situations resemble those in the so-called disjoint/
nondisjoint concept, which has been introduced by Borden and
Davidson.13 That is, whereas NBMOs in singlet biradicals can
be made to span no common atoms, which is disjoint type,
NBMOs in triplet biradicals can be made to span common
atoms, which is nondisjoint type.13,14 It is important that
degenerate orbitals are uniquely determined by unitary- or
Wannier transformation so as to minimize the exchange
integral. A unitary-transformation procedure has been intro-
duced by Aoki and Imamura,15 and applied for analysis of
high-spin polyradicals.16,17 Through space interactions in non-
Kekulé biradicals have also been analyzed by using the unitary-
transformation procedure.18 The Wannier transformation has
been introduced in our previous work,19,20 and applied for
analysis of polymer ferromagnets.1,19,20 In these treatments, the
exchange integral results from antiparallel-spin instabilities due
to the Coulomb repulsion in the common spanned atomic
orbitals.1,18Í20 The essential origin of high-spin stabilities in
organic-radical assemblies has been well described by our
analysis rather than conventional spin-polarization rules. In-
deed, antiferromagnetic behaviors in some organic-radical

assemblies have been well explained by highly localized
NBCOs, even if the spin-polarization structures suggest high-
spin ground states. For example, Figure 4 shows two allyl-
radical assemblies 6 and 7, of which starred- and unstarred-
atom linkages predict high-spin ground states. That is, if up and
down spins are induced on starred and unstarred atoms,
respectively, both 6 and 7 are intuitively expected to be
ferromagnetic. Nevertheless, localized-NBCO analysis and
density-functional-theory calculations predicted a ferromagnet-
ic ground state of 6 and an antiferromagnetic ground state of 7.1

Instead of the spin-polarization rule, whether or not the
Wannier transformed NBCOs are delocalized over more than
one unit cell has distinguished the magnetic properties in these
organic-radical assemblies.1 That is, whereas Wannier trans-
formed NBCOs of 6 are delocalized over more than one unit
cell, Wannier transformed NBCOs of 7 are localized only at
one unit cell.1 Thus, exchange integral in 6 is positive due to
the common spanned atoms.1 On the other hand, exchange
integral in 7 is theoretically zero due to the absence of common
spanned atoms.1 We think that localized orbitals such as
unitary-transformed NBMOs or Wannier transformed NBCOs
play an essential role in determining the magnetic character-
istics in organic-radical assemblies. The localized orbital
method rather than the conventional spin-polarization rule
seems to be a promising principle for description of magnetic
properties in organic ferromagnets.

In this paper, we show intermolecular-distance dependence
on the exchange integral of organic-radical assemblies by
analyzing allyl, pseudo-para-benzyl, and pseudo-ortho-benzyl
dimers. We regard these radical assemblies as extended non-
Kekulé systems, because they are topologically akin to so-
called non-disjoint systems, which have linking points between
the starred atoms and unstarred atoms. We construct NBMOs
by conventional Hückel-like secular equations, and transform
the canonical NBMOs into maximally localized NBMOs. The
resultant exchange integrals were plotted versus the intermo-
lecular distances. It was shown that high-spin stabilities due to
one-centered exchange integrals had interesting maxima when
the magnitude of intra- and intermolecular resonance integrals
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Figure 4. Molecular structures of poly-allyl-radical assem-
blies. 6 is ferromagnetic and 7 is antiferromagnetic.
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Figure 3. Molecular structures of pseudo-ortho-benzyl
dimer 4 and pseudo-o-bis(phenylmethylenyl)[2.2]para-
cyclophane (5).
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was nearly equal. The physical meanings of these maxima were
also clarified by analyzing the orbital patterns of localized
NBMOs. Our analysis was supported by quantum chemical
calculations including the electron correlation.

Theoretical

We express the i-th and j-th NBMOs as follows:

ºi ¼
X
r

Cri»r ð2Þ

ºj ¼
X
s

Csj»s ð3Þ

where Cri and Csj are Hückel-molecular-orbital coefficients
on the carbon atomic sites r and s in NBMO ºi and ºj,
respectively. » represents 2pz carbon atomic orbitals. The
summation includes all carbon atomic sites. For convenience,
we define the product of NBMOs (PNBMOs) as effective two
electron wave function:1,18

PNBMOi;j ¼ ºið1Þºjð2Þ ¼
X
r

X
s

CriCsj»rð1Þ»sð2Þ

¼� C
X
r

CriCrj»rð1Þ»rð2Þ
ð4Þ

where the differential overlaps were neglected in the approx-
imation (NDO approximation). The electron numbers 1 and 2
were added for clarity. The NDO approximation is adequate for
the present purpose, because the exchange integral between
NBMOs results from ionic terms, in which simultaneous
occupation of two electrons with parallel spins is forbidden.
The exchange integral between a certain pair of NBMOs is as
follows:

Kij ¼
ZZ

ºið1Þºjð1Þ
e2

r12
ºið2Þºjð2Þd¸1d¸2

¼
X
r

X
s

X
t

X
u

CriCsjCtiCujðrsjtuÞ

¼�
X
r

Cri
2Crj

2ðrrjrrÞ /
X
r

Cri
2Crj

2 ¼ Lij

ð5Þ

where (rsËtu) is the electron-repulsion integral and only one-
centered integrals were taken into account.15Í17 Lij is a non-
dimensional index approximately proportional to the exchange
integral, which has been introduced by Aoki and Imamura.15

From eqs 2Í4, we see that the Lij index is identical to the
square of norm in PNBMOs, that is, sum of the squared
amplitudes of PNBMOs. Therefore, simple products between
the coefficients on the same carbon atomic site of each NBMO
become CriCrj, and the sum of their square Cri

2Crj
2 is

approximately proportional to the exchange integral. Therefore,
we can estimate the exchange integral by amplitude patterns of
the PNBMOs, and the origin of high-spin stabilities in organic-
radical assemblies is schematically deduced. In our treatment,
the intermolecular distance is not a constant but a variable.
Therefore, we need to extend the usual NBMO method taking
account of the variable resonance integral. The procedure to
obtain the NBMOs is explained as follows by analyzing allyl,
pseudo-para-benzyl, and pseudo-ortho-benzyl dimers.

Allyl-Radical Dimers. As described in our previous work,1

topological linkage of carbon atomic sites of ally-radical dimer
1 is similar to non-Kekulé biradical 1,3-dimethylenecyclobuta-

diene (8) as described in Figure 5. Therefore, we can perform
Hückel-like molecular orbital analysis on 1 by focusing only
on the topological linkage, as described below.

The NBMOs are obtained by solving the corresponding
Hückel secular equation. In alternate hydrocarbons such as the
present cases, the carbon atomic sites are divided into two
groups, that is, starred atoms and unstarred atoms, which are
not adjacent to each other. Then, the secular equation is
equivalent to the following:

xCri þ
XN

s¼Rþ1

£rsCsi ¼ 0

ðfor starred-atoms row; r ¼ 1; 2; . . . ; RÞ ð6Þ

xCri þ
XR
s¼1

£rsCsi ¼ 0

ðfor unstarred-atoms row; r ¼ Rþ 1; . . . ; NÞ ð7Þ

where x is:

x ¼ ¡� ¾

¢rs

ð8Þ

¡ is the Coulomb integral. ¢rs is the resonance integral between
the r-th and s-th sites. ¾ is orbital energy. In eqs 6 and 7, N is
the number of carbon atomic sites. R is the number of starred
atoms, and thus, (N Õ R) becomes the number of unstarred
atoms. £rs is resonance-integral ratio based on a standard value,
as explained below.

As shown in Figure 5, intramolecular resonance integrals
are considered to have the same value ¢, similar to usual
³ systems. When we take account of parallel translation,
intermolecular resonance integrals are also considered to have
the same value ¢¤. Therefore, when we regard ¢ as a standard
value, £rs becomes:

£rs ¼ 1 ðintramolecularÞ;

£rs ¼
¢0

¢
¼ £ ¼ const: ðintermolecularÞ

ð9Þ

*

*

1

a+

a+

b+

b+

a-

a-

b-

b-

* *
*

*
8

*

*

Figure 5. Structural resemblance between 1 and 1,3-
dimethylenecyclobutadiene (8). Definition of resonance
integrals and NBMO coefficients of 1 is also shown.
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When x = 0, we obtain NBMOs. Cri on unstarred atoms are all
zero, because R > (N Õ R).21 Cri on starred atoms satisfy the
following extended “zero sum rule:”XR

s¼1

£rsCsi ¼ 0 ðfor starred atoms; r ¼ 1; 2; . . . ; RÞ ð10Þ

We note that the number of NBMOs is the difference between
the number of starred atoms and unstarred atoms, that is,
{R Õ (N Õ R)} = 2R Õ N. The number of formal Kekulé
double bonds T becomes (N Õ R), and thus, the number of
NBMOs is (N Õ 2T), analogous to non-Kekulé planar mole-
cules.21 In the present dimers, there exists two NBMOs.

Now we consider intermolecular distance dependence on the
NBMOs coefficients. ¢¤ is approximately proportional to the
overlap integral between the adjacent intermolecular sites, as is
supposed in extended Hückel method.22 Then, £ decreases with
the intermolecular distance d, because the overlap integral
decreases with d.

When the NBMO coefficients of 1 are tentatively denoted as
a and b (Figure 5), two independent solutions corresponding to
spatial symmetry and antisymmetry are obtained. That is,

a� ¼ 1ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
£2 � 2£ þ 2

p ; b� ¼ � 1� £ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
£2 � 2£ þ 2

p ð11Þ

where plus and minus signs correspond to the symmetry and
antisymmetry with respect to the inversion operation.

Then, from eq 5, the exchange integral Kij between the two
independent NBMOs is approximately proportional to dimen-
sionless quantity Lij as follows:

Kij / 2ðaþÞ2ða�Þ2 þ 2ðbþÞ2ðb�Þ2

¼ 1

2

1þ ð£2 � 1Þ2
ð£2 þ 2£ þ 2Þð£2 � 2£ þ 2Þ ¼ Lij

ð12Þ

In the present dimers, Kij should be proportional to the tripletÍ
singlet energy gap.

The resonance integral parameter £ increases when the
intermolecular distance d decreases, and vice versa. Therefore,
in order to grasp the intermolecular distance dependence of the
high-spin stabilities, it is convenient to plot the Lij index versus
1/£. The 1/£ dependence on Lij of 1 is shown in Figure 6a. Lij
increases when 1/£ ¼ 0 and 1/£ ¼¨. This is physically
unreasonable. In particular, the tripletÍsinglet energy gap
(ÃLij) should be zero when the intermolecular distance
becomes infinity. Therefore, we transformed the two NBMOs
so as to minimize Lij. This procedure was done as follows.

The two NBMOs of 1 obtained above were transformed by
unitary matrix, which has been introduced by Aoki and
Imamura:15

¼i

¼j

 !
¼ sin ª cos ª

�cos ª sin ª

� �
ºi

ºj

 !
ð13Þ

ª serves as an orbital mixing parameter. Then, ª dependence on
the exchange integral Kij is:

Kij / jPNBMOi;jj2 / Lij

¼
X
r

ðC0
riC

0
rjÞ2 ¼

1

8
ð¡ij þ 4¢ijÞ � A sinð4ª þ ÃÞ ð14Þ

where C¤ri and C¤rj are new coefficients of the NBMOs ¼i and
¼j after the unitary transformation. Again, Lij is the AokiÍ

Imamura index, which should be minimized.15 The first and
second terms on the right are related each other by the
following eqs 15Í19:15

�A ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
£ ij

2 þ 1

16
ð¡ij � 4¢ijÞ2

r
ð15Þ

Ã ¼ tan�1
¡ij � 4¢ij

4£ ij

ð16Þ

¡ij ¼
X
r

ðCrj
2 � Cri

2Þ2 ð17Þ

¢ij ¼
X
r

Cri
2Crj

2 ð18Þ

£ ij ¼
X
r

ðCrj
2 � Cri

2ÞCriCrj ð19Þ

If A is positive, Lij is minimized when

4ª þ Ã ¼ ³

2
ð20Þ

Thus, the parameter ª which leads to the minimal exchange
integral is given by eq 21:

ª ¼ 1

4

³

2
� Ã

� �
ð21Þ

The unitary-transformed NBMOs described above are spatially
localized to each other as much as possible.

The intermolecular distance dependence on unitary-trans-
formed Lij is plotted in Figure 6b. The global behavior of the
graph is very interesting in that there exists a maximum at
1/£ Ü 0.7. That is, there exists an optimum distance for the
high-spin stability in 1, and the optimum is realized when the
magnitude of the intra- and intermolecular resonance integrals
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Figure 6. Intermolecular-distance dependences on Lij index
in 1. (a) Before unitary transformation, (b) after unitary
transformation, and (c) theoretical calculation on ÅETÍS at
PM3-CI level of theory.
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are nearly equal. This is not deduced from conventional UHF
analysis on organic assemblies, because UHF is rationalized to
the simple spin-polarization model.4Í6 In addition, when the
intermolecular distance is large (1/£¼¨), Lij decreased and
converged to zero. This is quite reasonable, because the tripletÍ
singlet energy gap should decrease with intermolecular
distance due to localization of NBMOs. Such a decrease of
the exchange integral at large intermolecular distances is
consistent with earlier UHF studies of organic-radical dimers.6

However, in order to confirm such behaviors including the
optimum for high-spin stability, it is necessary to perform
quantum chemical calculations on tripletÍsinglet energy gap
ÅETÍS, which is equal to the exchange integral. For our
purposes, qualitative rather than quantitative description should
be emphasized, because amplitude patterns in NBMOs are not
so sensitive to level of theory. Thus, we calculated ÅETÍS

at PM3 level of theory23 including configuration interaction
(CI) by using semi-empirical molecular orbital program
MOPAC2000.24 CI method is suitable for calculations of
degenerate systems, especially in low-spin states, which cannot
be well described with one Slater determinant.25 In addition,
CI method is appropriate to our purpose, because electronic
correlation is invaluable to describe electronic states of
supermolecules separated by large distance. CI wave functions
are convenient for description of open-shell systems, because
they satisfy spin symmetries. The active space for CI was
spanned by four electrons and four orbitals including the
NBMOs within the ROHF (restricted open HartreeÍFock)
reference configurations. The calculation was done with CAS
(complete active space) method.

Figure 6c is the calculated ÅETÍS curve versus the inter-
molecular distance d. When d Ü 2.0¡, ÅETÍS was maximized.
That is, there exists an optimum point for the high-spin
stability, consistent with the theoretical curve in Figure 6b.
When d¼ 0 and d¼¨, ÅETÍS converged to zero. This is
also reasonable. The physical meaning of such behaviors is
discussed later in detail.

Benzyl-Radical Dimers. Next, we analyze benzyl radical
dimers as further examples of organic-radical assemblies.
Experimentally, pseudo-para- and pseudo-ortho-cyclophane-
bridged derivatives were synthesized and their high-spin stabi-
lities have been established by ESR measurements.7Í9 There-
fore, benzyl dimers are good models for theoretical analysis on
these experimental results. Similar to the allyl dimer, we ob-
tained two NBMOs by the corresponding secular equation, and
they were localized by the unitary-transformation procedure.

We first analyzed pseudo-para-benzyl dimer 2. Definition of
the resonance integrals is shown in Figure 7. When the NBMO
coefficients are tentatively denoted as a, b, and c as described in
Figure 7, two independent solutions of the NBMOs become:

a� ¼ £2 � £ � 2ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
£4 � 2£3 � 2£2 � 2£ þ 7

p ;

b� ¼ 1ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
£4 � 2£3 � 2£2 � 2£ þ 7

p ;

c� ¼ � 1� £ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
£4 � 2£3 � 2£2 � 2£ þ 7

p ð22Þ

where signs of the subscripts correspond to symmetry (+) and

antisymmetry (Õ) with respect to the inversion. The exchange
integral becomes:

Kij / 2ðaþÞ2ða�Þ2 þ 4ðbþÞ2ðb�Þ2 þ 2ðcþÞ2ðc�Þ2

¼ 1

2

ð£2 þ £ � 2Þ2ð£2 � £ � 2Þ2 þ 2þ ð£ þ 1Þ2ð£ � 1Þ2
ð£4 þ 2£3 � 2£2 � 2£ þ 7Þð£4 � 2£3 � 2£2 þ 2£ þ 7Þ

¼ Lij ð23Þ

Figure 8a is plot of the Lij index versus 1/£ before the
unitary transformation. The curve is physically unreasonable,
because the exchange integral increases with dissociation of
two benzyl moieties. On the other hand, after unitary trans-
formation, the Lij index showed interesting behavior with a
maximum, qualitatively similar to the allyl dimer as depicted in
Figure 8b. That is, the high-spin stability has a maximum with
1/£ Ü 0.5. The second maxima at 1/£ Ü 2 results from another
zero point in the differential form of eq 23. The second
maxima, however, seems not so important, because this is
probably due to the complex £- and ª-dependence on Lij index.
Anyway, there exists at least one high-spin optimum. The
existence of the high-spin optimum is interesting not only
theoretically but also from a molecular-engineering point of
view. The theoretical plot was confirmed by CI calculation,
similar to the allyl-radical dimer. Figure 8c is the calculated
high-spin stability ÅETÍS at the PM3-CI level of theory.
The optimum of ÅETÍS appeared at the distance d Ü 2.0¡.
When d > 2.0¡, ÅETÍS decreased from ca. 100 kJmolÕ1

to zero, qualitatively consistent with the UHF study by
Yamaguchi et al.6 Experimentally, high-spin carbene dimer 3
has intermolecular distance d Ü 3.0¡, which results from the
cyclophane bridge. From ESR studies, 3 has been characterized
as a ground-state quintet molecule due to the two carbene
moieties. Apart from the additional ·-type electrons, pseudo-
para-benzyl dimer is considered to be a good model for 3,
because NBMOÍNBMO interactions occur within the face-to-
face-stacked ³ plains.

Next, pseudo-ortho-benzyl dimer was similarly analyzed
referring to Figure 9. When the NBMO coefficients are

a+
b+

b+

a+b+

b+

c+

c+
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b-

b-

-a--b-

-b-
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-c-

Figure 7. Definition of resonance integrals and NBMO
coefficients of pseudo-para-benzyl dimer 2.
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tentatively denoted as a, b, c, and d as described in Figure 9,
two independent solutions of the NBMOs become:

a� ¼ �£3 � 2£2 � £ þ 2ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
£6 � 4£5 þ 3£4 � 6£3 � 7£2 � 4£ þ 7

p ;

b� ¼ � 1� £ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
£6 � 4£5 þ 3£4 � 6£3 � 7£2 � 4£ þ 7

p ;

c� ¼ 1ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
£6 � 4£5 þ 3£4 � 6£3 � 7£2 � 4£ þ 7

p ;

d� ¼ £2 � £ � 1ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
£6 � 4£5 þ 3£4 � 6£3 � 7£2 � 4£ þ 7

p ð24Þ

where signs of the coefficients correspond to the symmetric (+)
and antisymmetric (Õ) characters with respect to the rotation.
The exchange integral becomes:

Kij / 2ðaþÞ2ða�Þ2 þ 2ðbþÞ2ðb�Þ2 þ 2ðcþÞ2ðc�Þ2 þ 2ðdþÞ2ðd�Þ2

¼ 1

2

1

ð£6 þ 4£5 þ 3£4 � 6£3 � 7£2 þ 4£ þ 7Þð£6 � 4£5 þ 3£4 � 6£3 � 7£2 þ 4£ þ 7Þ
� fð�£3 � 2£2 þ £ þ 2Þ2ð�£3 � 2£2 þ £ þ 2Þ2 þ ð£ þ 1Þ2ð£ � 1Þ2 þ 1þ ð£2 þ £ � 1Þ2ð£2 � £ � 1Þ2g ¼ Lij

ð25Þ

A theoretical curve for the Lij index before unitary trans-
formation is plotted in Figure 10a. The qualitative behavior is
similar to the pseudo-para dimer. After unitary transformation,
the Lij index was minimized, as shown in Figure 10b. As a
result, there appeared a maximum point, similar to the pseudo-
para dimer. The high-spin stability was optimized at 1/£ Ü 1.
This is also an interesting phenomenon due to the orbital
mixing, in which localization of NBMOs and the correspond-
ing exchange integral are optimized. PM3-CI calculation of the
ÅETÍS was also done, and plotted versus d in Figure 10c. The
high-spin stability was optimized at d Ü 1.8¡.

Thus, in organic-radical assemblies, we have shown that
there exists high-spin-stability optimum with respect to the
intermolecular distance. As a whole, the optimum are realized
when magnitude of intra- and intermolecular resonance
integrals is nearly equal, that is, 1/£ Ü 1. In the next section,
we clarify the origin of the optimum by analyzing the

relationship between amplitude patterns of localized NBMOs
and exchange integrals.

Discussion

The origin of the optimum for the high-spin stability in
organic-radical assemblies is deduced by analyzing the
intermolecular-distance dependence on amplitude patterns of
NBMOs. We examine the amplitude patterns in large,
moderate, and small intermolecular-distance regions.

The amplitude patterns of NBMOs in allyl-radical dimer 1
are depicted in Figure 11. The patterns are schematically
depicted for selected intermolecular-distance d. The corre-
sponding parameter 1/£ is also noted. As shown in the top of
Figure 11, when two allyl-radical moieties are infinitely
separated, that is, d¼¨ (1/£ ¼¨), two NBMOs before
the unitary transformation are canonical orbitals. They are
delocalized as much as possible. Then, the exchange integral
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has positive value, because the NBMOs span common atoms.
After the unitary transformation, two NBMOs become com-
pletely disjoint allyl-radical NBMOs, which are spatially
separated as much as possible. They are localized NBMOs.
Then, the exchange integral becomes zero, because the
NBMOs do not span common atoms. Thus, when d¼¨,
unitary transformation minimizes the exchange integral so that
the NBMOs are completely localized each other. In other word,
unitary transformation is essential to describe the tripletÍsinglet
energy gap ÅETÍS correctly, because ÅETÍS should converge to
zero when d¼¨.

When d has intermediate value, unitary transformation gives
a positive exchange integral. For example, when d Ü 2¡
(1/£ Ü 1), the NBMOs of 1 are not completely separated
from each other, but delocalized at common atoms both before
and after the unitary transformation. This is schematically
illustrated for 1/£ = 1 in the middle of Figure 11. Before
the unitary transformation, each NBMO is canonical in
that the spatial symmetries are satisfied. After the unitary
transformation, each NBMO is also canonical, because the
unitary-transformation parameter ª is zero. The exchange
integral is not zero, because the NBMOs are nondisjoint, which
span common atoms. That is, the one-centered exchange
integral resulting from eq 5 always has a positive value due to
the common spanned atomic orbitals. This situation resembles
that in non-Kekulé planar molecules, which are classified into
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two groups, that is, disjoint and nondisjoint groups. The
NBMOs of nondisjoint systems span common atoms. As a
result, they always have positive exchange integrals due to
the common spanned atomic orbitals. The common spanned
atomic orbitals are expressed by ionic terms »r(1)»r(2), and
the corresponding squared amplitudes become Cri

2Crj
2, as seen

from eq 4. The ionic terms mean simultaneous occupancy
of two electrons in the same atomic orbital. Since the Pauli
principle inhibits simultaneous occupation of two electrons
with parallel spins, Coulomb repulsions between two electrons
in the antiparallel-spin state are larger than those in the parallel-
spin states. Therefore, the ionic terms lead to high-spin states.
Thus, in organic-radical assemblies separated by intermediate
distance, any unitary transformation gives positive exchange
integrals.

When d¼ 0 (1/£¼ 0), unitary transformation makes the
positive exchange integral zero. For example, we consider an
extreme case with d = 0 (1/£ = 0) referring to the bottom of
Figure 11. Before unitary transformation, the NBMOs of 1
span common atoms at the terminal methylene carbons, and
lead to a positive exchange integral. On the other hand, after
unitary transformation, the NBMOs span no common atoms.

The NBMOs separately spread at each methylene carbon. This
is disjoint character, similar to low-spin biradicals.13 Therefore,
the exchange integral should be zero. Although such a situation
is an extremity of theory, the disjoint character guarantees the
high-spin optimum.

Thus, when d is extremely small or large, the NBMOs are
disjoint, of which exchange integrals are zero. On the other
hand, when d has moderate values (d Ü 2¡, 1/£ Ü 1), the
NBMOs become nondisjoint, of which the exchange integral is
positive. This is the origin of the optimum in the high-spin
stability. The orbital-pattern analysis described above is
consistent with the theoretical curve of the Lij index, as
described in Figure 6.

Benzyl-radical dimers can be also analyzed by the same
method. The amplitude patterns of pseudo-para-benzyl dimer
are shown in Figure 12. When d¼¨ (1/£¼¨) or d ¼ 0
(1/£¼ 0), the NBMOs are essentially disjoint, because
unitary transformation makes the NBMOs spatially separate.
The exchange integrals should be zero. On the other hand,
when d has moderate values, the NBMOs become nondisjoint.
For example, d Ü 2¡ (1/£ Ü 1), both before and after the
unitary transformation, the NBMOs span common atoms,
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which lead to positive exchange integral. This is origin of the
optimum in the high-spin stability.

Similarly, the amplitude patterns of pseudo-ortho-benzyl
dimer are shown in Figure 13. When d ¼¨ or d¼ 0, the
NBMOs are essentially disjoint, and the exchange integral is
zero. On the other hand, when d has moderate values, the
NBMOs become nondisjoint. When d Ü 2¡, both before and
after the unitary transformation, the NBMOs span common
atoms, and thus, exchange integral is positive. This is the origin
of the optimum in the high-spin stability.

Thus, in organic-radical assemblies, there exists an optimum
for the high-spin stability with respect to the intermolecular
distance. The origin of the optimum is attributed to disjoint
character in small and large intermolecular distance region and
nondisjoint character in moderate intermolecular distance
region. The optimum resulted from unitary transformation of
NBMOs, and theoretical plot of the exchange integral was
confirmed by quantum chemical calculations. Since our method
is based on molecular orbital method, the ionic terms create one
centered exchange integrals. Therefore, high-spin stabilities are
considered to be originated from Coulomb repulsions on the

common-spanned atomic orbitals. The non-bonding electrons
are not localized only at one radical moiety, but delocalized
over two radical moieties. Such itinerant character of non-
bonding electrons causes positive exchange integrals, of which
the main contribution is one center Coulomb repulsion.

Conclusion

Intermolecular distance dependence on ferromagnetic inter-
actions in organic-radical assemblies was deduced by using
molecular orbital methods. It was shown that non-bonding
molecular orbitals (NBMOs) were subject to orbital mixing to
form localized NBMOs. In small and large intermolecular
distance regions, NBMOs were spatially separated from each
other. On the other hand, in moderate intermolecular distance
regions, NBMOs were spread over common atoms. As a result,
high-spin stabilities due to the exchange integrals between
NBMOs had maxima when magnitude of intra- and intermo-
lecular resonance integrals was nearly equal. In the moderate
intermolecular distance regions, the non-bonding electrons had
highly itinerant character. Our analysis was supported by
quantum-chemical calculations.
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